Abstract. It is shown that realistic material response allows for three qualitatively different types of behavior for inflation of incompressible elastic hollow spheres and stretched cylinders. The pressure may increase monotonically, or it may increase and then decrease, or it may increase, decrease, and then increase again. A simple condition on the material response curve for uniaxial compressive stress is used to classify materials with respect to spherical inflation and to examine which type of behavior will occur for a particular material and initial geometry. Similar results are obtained for inflation of axially stretched hollow cylinders. The results are also applicable to elastic-plastic strain hardening materials.
1. Introduction. Problems of finite inflation of hollow spheres and cylinders of homogeneous, isotropic, incompressible solid material have been treated fairly extensively in the literature. These deformations belong to a class of deformations, called controllable or universal, which can be supported in all such materials without application of body force. The discovery of such solutions by Rivlin gave a considerable impetus to the study of nonlinear elasticity. Treatment of problems involving controllable deformations is simplified greatly by the fact that the deformation field is known ab initio. The solution for finite inflation of elastic hollow cylinders, which may also undergo uniform axial stretching, was first given by Rivlin [1] , and that for finite inflation of elastic hollow spheres was given by Green and Shield [2] .
An unusual feature of these solutions is that the qualitative behavior of the internal pressure may be different for different materials. The pressure may (a) increase monotonically, (b) increase and then decrease, or (c) increase, decrease, and then increase again, depending on the form of the strain energy function and on the initial geometry. Pressure maximum behavior is observed, for example, in blowing up toy balloons.
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All of these effects are, of course, inherent in the general solutions by Rivlin [1] and Green and Shield [2] , and they have been examined in more detail by other authors [3] [4] [5] [6] [7] , However, there does not appear to have been a general treatment of the various types of qualitative behavior which are possible, or the development of a set of conditions which would determine, a priori, which type of behavior will occur for a specific material and initial geometry.
These conditions are found in the present paper. For both the spherical and cylindrical problems, it is shown that realistic forms of the strain energy function admit all three types of behavior (a), (b), and (c) above. Materials are classified into three types-A, B, and C-based on a simple condition on the stress/axial strain response for uniaxial compressive stress. Materials of types A and B exhibit behaviors of types (a) and (b), respectively, in spherical inflation. In the case of materials of type C, the qualitative behavior depends on the initial geometry; sufficiently thick-walled spheres exhibit behavior of type (a) and sufficiently thin-walled spheres exhibit behavior of type (c). For all three types of materials, inflation of a spherical cavity in an infinite medium requires monotonically increasing pressure. Similar results pertain to cylindrical inflation, except that the relevant material response property is that in plane deformation with uniform normal prestretch. Interestingly, the widely used Mooney-Rivlin strain energy function, including the special case of a neo-Hookean material, allows all three types of behavior in spherical inflation but only behavior of type (a) in cylindrical inflation.
The controllable deformations provide closed form solutions not only for elastic materials but also for homogeneous, isotropic, incompressible materials which exhibit inelastic response (Carroll [8, 9] , Fosdick [10] ). Indeed, the solutions presented here pertain equally to elastic-plastic materials (Carroll [11] ). Also, because of incompressibility, solutions for internal pressurization are valid also for all-round tension, so that results on pressure maximum behavior can have important implications with regard to void growth in tensile stress fields. The function W describes the general response in terms of two independent principal stretches, while W and W describe the response in axisymmetric and plane deformations, respectively. The principal stress differences, for principal stretches A1.= (A,1/(AjU),m) (2.7) are given by /j -t2 = A3JT/3A, ?3 -t2 = fidW/dfi. (2.8)
We will be particularly interested in the principal stress difference a = t2-h (2-9)
and we find that this is given, for general deformations and for axisymmetric and plane deformations, respectively, by
The function 5 relates the compressive stress to the axial stretch in a uniaxial compressive stress test. Also, 5(A) is the tensile stress which corresponds to an in-plane stretch 1/ v^A in axisymmetric plane stress. Since an isochoric plane deformation is a pure shear, the function a is related to the generalized shear modulus.
Inflation of a hollow sphere
Basic equations. A radially symmetric, isochoric deformation of a hollow sphere is described by
where (r,6,(j>) are spherical polar coordinates of a typical particle, a is the radius of the inner boundary, and the subscript 0 denotes initial value. The deformation (3.1) may be described in terms of a nondimensional parameter a, with initial value a0, which is a measure of the porosity of the sphere and is defined by a = b3/{b3 -a3), a0 = bl/{bl -a]), (3.2) where b is the outer radius. As the sphere inflates, the porosity a increases and the local deformation is a radial contraction, with stretch A given by * * 4-ii-^r, (a,. *o ~ 1 a -1 (3.14)
The condition for a stationary value of the applied pressure P is
This condition may also be written as = xY2°b> (3.16) where Xa, Xh and oa, ab denote the values of the radial stretch X and the compressive radial stress a = Tee -Trr at r = a and r = b. Differentiation of Eq. (3.14) and use of Eq. (3.15) gives an expression for d2P/da2 at a stationary point;
(Sbichil-SSHFti**®* It follows from Eqs. (3.15) and (3.17) that the qualitative behavior of the pressure P in spherical inflation is determined by the form of the function g on the interval (0,1).
Qualitative behavior of the pressure. We can now describe the qualitative behavior of the pressure during finite inflation of a hollow sphere in terms of the uniaxial compressive stress response of the material. It is convenient to write this response in terms of the compressive logarithmic strain e, thus a = a(e) = a(e~£), e=-lnA. The condition (3.15) for a stationary value of the pressure P is that the function g must take the same value at the inner and outer boundaries of the hollow sphere. Thus, the relevant material property is monotonicity, or loss of monotonicity, of the function g on (0, oo). It follows from Eq. (3.19) that g is monotonic when da/de > § a. (3.20)
Three basic types of compressive uniaxial stress-strain curves are shown in Fig. 1 . The behavior of the functions g(xa) and g(xb) is shown in Fig. 2 and the corresponding qualitative behavior of the pressure in spherical inflation is shown in Fig. 3 . Material of type A. The condition (3.20) is met over the entire range of compressive axial strain 0 < e < oo. It follows that the function g(x) is monotonic for 1 ^ x > 0, so that Eq. (3.15) does not have a real root a* with a0 < a* < oo (Fig. 2a) . Thus, there are no stationary values of P and the pressure increases monotonically (Fig. 3) .
Material of type B. The condition (3.20) is met for 0 < e < ex and is not met for 8j < e < oo (Fig. 1) . It follows that the function g(x) has its maximum value in (0,1), at x1 = exp(-3e1/2), and so Eq. (3.15) has one real root a*, with a0 < a* < oo (Fig. 2b) . It is evident also that <0_1l>0, f^)<0. (3.21)
The pressure P increases monotonically to a maximum value P* at porosity a* and decreases monotonically thereafter (Fig. 3) . In the special case g(x) = constant for x < xv the pressure reaches its maximum value at a* = a0/xi and remains constant thereafter. (b) Equation (3.15) has one admissible root a*.
Material of type C. The condition (3.20) is met except on the finite interval < e < e2 (Fig. 1) . The function g(jc) has a local maximum and a local minimum on (0,1), at x1 = exp(-3e1/2) and x2 = exp(-3e2/2), respectively. We observe from Eqs. (3.11) that xa = (l-P0)xb/(\ -ft()xh), P0 = l/«0, (3.22) so that the values xa and xb are close for thin-walled spheres (larger values of a0) and significantly different for thick-walled spheres (smaller values of a0). Thus, for sufficiently thin-walled spheres, Eq. (3.15) has two admissible roots a* and a** (Fig. 2c ). The pressure P increases monotonically to a local maximum P* at a*, decreases to a local minimum P** at a**, and then increases monotonically (Fig. 3) . For sufficiently thick-walled spheres, Eq. (3.15) does not have an admissible root (Fig. 2d ) and the pressure P increases monotonically. There is a critical value of a0 for which Eq. (3.15) has one admissible repeated root; the pressure P is monotonic but has an inflection point. (c) Equation (3.15) has two admissible roots a* and a**, for sufficiently large values of a0.
The three types of behavior just described do not exhaust the possibilities. It is conceivable, for example, that condition (3.20) might be violated on two finite intervals. However, the compressive uniaxial stress response of most real materials should be type A, B, or C. Thus, we expect that the pressure in spherical inflation will increase monotonically (materials of type A and thick-walled spheres of material of type C), or increase to a maximum value and then decrease (materials of type B), or increase, decrease, and then increase again (thin-walled spheres of material of type C). While our results are derived in the context of finite elasticity, it is evident that they apply also to inflation of hollow spheres of elastic-plastic strain hardening material, which will generally be of type B or possibly of type C. shows that there is a critical value Kcr = 0.2145, such that the function g has a local maximum and minimum in (0,1) for 0 < k < xcr and is monotonic in (0,1) for k > k^.1 Thus, the Mooney-Rivlin strain energy function (3.23) allows all three types of behavior 'This result is given by Green and Adkins [3] for a spherical membrane. in spherical inflation. The material is of type A for k > /ccr, of type B for k = 0 (neo-Hookean material), and of type C for 0 < k < Kcr. In the latter case, the pressure maximum P* and minimum P**, for a sufficiently thin-walled sphere, occur at the roots a* and a** of -'--1
We remark that Ogden [7] has treated strain energy functions which are linear combinations of terms of the form W = C(A7 + \m2 + \"l -3).
(3.28)
It is easily seen that Eq. (3.28) defines a material of type B for -3/2 <m< 3, (3.29) and a material of type A otherwise [7] , Suitable combinations of terms of types A and B define materials of type C, as in the Mooney-Rivlin case. Spherical cavity in an infinite medium. The pressure response for a pressurized spherical cavity, of initial radius a0, in a medium of infinite extent is given by does not change the porosity, and the subsequent radial inflation, for fixed value of /n, is described by the variable a.
The principal stretches are in the coordinate directions and are given by X'= = (A' (4"4) with the radial stretch A given by Equations (4.1), (4.2), and (4.5) imply that
The radial equation of equilibrium is dT 1 . . where Xa and Xh denote radial stretches and oa and ah denote principal stress differences a -Tgg -Trr, evaluated at the inner and outer boundaries r = a and r = b. The condition (4.17) is analogous to the condition (3.15) for spherical inflation. A similar analysis shows that the qualitative behavior in cylindrical inflation depends on monotonicity of the function h(X2,ii) on the interval 0 < X < 1/ y^u. This function may (A) be monotonic, (B) have a local maximum, or (C) have a local maximum and minimum. Correspondingly, the pressure in cylindrical inflation may increase monotonically (type A, or type C for thick-walled cylinders), or it may increase to a maximum value P* and then decrease (type B), or it may increase to P*, decrease to P**, and then increase again (type C for thin-walled cylinders). The axial prestretch provides an interesting additional feature. In particular, it expands or contracts the range of relevant values of the radial stretch (0<A<l/|/ju) depending on whether the prestretch is compressive (fx < 1) or tensile (/x >1).
Special materials. For the strain energy function in Eq. 
